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In this paper, we will introduce the generalized operator equilibrium problem and
generalized operator quasi-equilibrium problem which generalize the operator equilibrium
problem due to Kazmi and Raouf [K.R. Kazmi, A. Raouf, A class of operator equilibrium
problems, J. Math. Anal. Appl. 308 (2005) 554–564] into multi-valued and quasi-equilibrium
problems. Using a Fan–Browder type ﬁxed point theorem in [S. Park, Foundations of the
KKM theory via coincidences of composites of upper semicontinuous maps, J. Korean Math.
Soc. 31 (1994) 493–519] and an existence theorem of equilibrium for 1-person game in
[X.-P. Ding, W.K. Kim, K.-K. Tan, Equilibria of non-compact generalized games with L∗-
majorized preferences, J. Math. Anal. Appl. 164 (1992) 508–517] as basic tools, we prove
new existence theorems on generalized operator equilibrium problem and generalized
operator quasi-equilibrium problem which includes operator equilibrium problems.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
In [7], Domokos and Kolumbán gave an interesting interpretation of variational inequalities (VI) and vector variational
inequalities (VVI) in Banach space settings in terms of variational inequalities with operator solutions (in short, OVVI). The
notion and viewpoint of (OVVI) due to Domokos and Kolumbán [7] look new and interesting even though it has a limitation
in application to VVI. Inspired by their work, in recent consecutive papers [15–17], the authors developed the scheme of
(OVVI) from the single-valued case into the multi-valued one. For this purpose, the generalized variational inequality with
operator solutions (in short, GOVVI) was ﬁrst proposed in a Hausdorff topological vector space, and some applications of
this general (GOVVI) to (GVVI) and (GVQVI) in a normed space (or a more tangible space such as a bornological locally
convex space) were given.
On the other hand, the equilibrium problem (EP) is being intensively studied, beginning with Blume and Oettli [2] where
they proposed it as a generalization of optimization and variational inequality problem. It turns out that this problem
includes, as special cases, other problems such as the ﬁxed point and coincidence point problem, the complementarity
problem, the Nash equilibrium problem, etc. Because of the general form of this problem, it was investigated under other
terminologies, e.g., see [2]. Up to now, the generality of the consideration has extended to a very high level, and the
main efforts has been made for the existence results [1–4,9,10,14]. Recently, Kazmi and Raouf [11] introduced the operator
equilibrium problem (OEP) which generalizes the notion of (OVVI) to operator equilibrium problems using the operator
solution concept due to Domokos and Kolumbán [7]. From Fan’s KKM Lemma [8], they ﬁrst derived two existence theorems
of the solutions of (OEP) with C( f )-pseudo monotonicity and without C( f )-pseudo monotonicity. Then they presented two
general versions of (OEP) as main applications. However, they dealt with only the single-valued case of the bi-operator F .
In this paper, we consider a multi-valued version of (OEP) by Kazmi and Raouf [11], i.e., the case of T being multi-
valued, which is called the generalized operator equilibrium problem (in short, GOEP). Moreover, we introduce a quasi-
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practical points of view, it is very natural and useful to extend a single-valued case to a corresponding multi-valued one.
Using a Fan–Browder type ﬁxed point theorem in [18] and an existence theorem of equilibrium for 1-person game in [6]
as basic tools, we present new existence theorems on generalized operator equilibrium problem (GOEP) and generalized
operator quasi-equilibrium problem (GOQEP). Our (GOEP) and (GOQEP) unify many kinds of non-linear problems, e.g., the
operator variational-like inequality problem, operator variational inequality problem, operator minimization problem and
vector equilibrium problem.
2. Preliminaries
We begin with taking a brief look at the standard deﬁnition of continuities of multi-valued functions. Let X, Y be non-
empty topological spaces and T : X → 2Y be a multifunction. A multifunction T : X → 2Y is said to be upper semicontinuous
if for each x ∈ X and each open set V in Y with T (x) ⊂ V , there exists an open neighborhood U of x in X such that
T (y) ⊂ V for each y ∈ U ; and a multifunction T : X → 2Y is said to be lower semicontinuous if for each x ∈ X and each open
set V in Y with T (x) ∩ V = ∅, there exists an open neighborhood U of x in X such that T (y) ∩ V = ∅ for each y ∈ U . And
f is said to be continuous if f is both lower semicontinuous and upper semicontinuous. It is also known that T : X → 2Y is
lower semicontinuous if and only if for each closed set V in Y , the set {x ∈ X | T (x) ⊂ V } is closed in X .
Let E be a Hausdorff topological vector space, X a non-empty convex subset of E , F another Hausdorff topological vector
space. A non-empty subset P of E is called a convex cone if
λP ⊆ P , for all λ > 0 and P + P = P .
From now on, unless otherwise speciﬁed, we work under the following settings. Let L(E, F ) be the space of all continuous
linear operators from E to F , and X ′ a non-empty convex subset of L(E, F ). Let C : X ′⇒ F be a multifunction such that for
each f ∈ X ′ , C( f ) is a convex cone in F with non-empty interior and 0 /∈ C( f ). Denote P := {0} ∪ (⋂ f ∈X ′ C( f )).
Now we introduce the following general convexity which generalizes Deﬁnition 1.2 in [11] to multi-valued settings:
a mapping S : X ′⇒ F is called natural quasi-P -convex if for any f , g ∈ X ′ and λ ∈ [0,1], there is μ ∈ [0,1] such that
S
(
λ f + (1− λ)g)⊆ μS( f ) + (1− μ)S(g) − P .
It is clear that the natural quasi-P -convexity generalizes the convex condition by letting C( f ) := (0,∞) when E = F =
X ′ = R. Also, note that there have been numerous deﬁnitions of general convexity, e.g., see [1–4,7,9–12], and our deﬁnition
of natural quasi-P -convex is comparable with the previous deﬁnitions.
In the sequel, we assume that a set-valued bi-operator T : X ′ × X ′ ⇒ F such that T ( f , f ) = 0 for each f ∈ X ′ is given.
The generalized operator equilibrium problem (GOEP) is to ﬁnd f ∈ X ′ such that
T ( f , g)  −C( f ), for all g ∈ X ′. (GOEP)
Let A : X ′ ⇒ X ′ be a multifunction. Then the generalized operator quasi-equilibrium problem (GOQEP) is to ﬁnd f ∈ X ′ such
that f ∈ cl A( f ) and
T ( f , g)  −C( f ), for all g ∈ A( f ). (GOQEP)
When A( f ) ≡ X ′ for each f ∈ X ′ , (GOQEP) reduces to (GOEP), and (GOEP) reduces to (OEP) due to Kazmi and Raouf [11]
where T : X ′ × X ′ → F is a single-valued mapping. To motivate the problem setting, let us look at several special cases of
(GOQEP). We denote the pairing between X ′ and E by 〈 f , x〉 for f ∈ X ′ and x ∈ E .
(a) If T ( f , g) := 〈η( f , g),G( f )〉, where G : X ′ ⇒ K , η : X ′ × X ′ ⇒ X ′ , and K ⊆ E , then (GOQEP) reduces to ﬁnd f ∈ X ′
such that f ∈ cl A( f ) and
〈
η( f , g),G( f )
〉
 −C( f ), for all g ∈ A( f );
which is a multi-valued version of operator variational-like problem by Kazmi and Raouf [11] when A( f ) := X ′ for each
f ∈ X ′ , and we may call it the generalized operator quasi-variational-like problem.
(b) If T ( f , g) := 〈 f − g,G( f )〉 where G : X ′ → K , K ⊆ E , and A( f ) := X ′ for each f ∈ X ′ , then (GOQEP) reduces to the
operator variational inequality problem due to Dokomos and Kolumbán [7].
(c) If T ( f , g) := G( f ) − G(g), where G : X ′ → F , then (GOQEP) reduces to ﬁnd f ∈ X ′ such that f ∈ cl A( f ) and
G( f ) − G(g)  −C( f ), for all g ∈ A( f );
which extends the operator minimization problem by Kazmi and Raouf [11] into a multi-valued setting, and we may call it
the generalized operator quasi-variational-like problem. As remarked in [11], by suitable choices of T , f , g, K ,C, X ′ and F ,
(GOQEP) reduces to many new and previously known classes of vector variational problems and vector equilibrium prob-
lems; and as in [9], some special cases of (GOQEP) are as follows:
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(2) operator variational inequality problem,
(3) operator minimization problem,
(4) vector variational problem,
(5) vector equilibrium problem.
In order to prove our main result in non-compact settings, we need the following ﬁxed point theorem which is a
particular form of Park [18, Theorem 5].
Lemma 1. Let X be a non-empty convex subset of a real (not necessarily Hausdorff) topological vector space E, K a non-empty compact
subset of X . Let A : X⇒ X be a multifunction. Suppose that
(1) for each x ∈ X, Ax is non-empty;
(2) for each x ∈ X, Ax is convex;
(3) for each y ∈ X, A−1 y = {x ∈ X | y ∈ Ax} is open in X ; and
(4) for each ﬁnite subset N of X, there exists a non-empty compact convex subset LN of X containing N such that for each x ∈ LN \ K ,
Ax∩ LN = ∅.
Then A has a ﬁxed point x0; that is, x0 ∈ Ax0 .
We also need the following lemma, which is a particular form of Theorem 2 of Ding, Kim and Tan [6].
Lemma 2. Let Γ = (X, A, Q ) be a 1-person game such that:
(1) X is a non-empty convex subset of a locally convex Hausdorff topological vector space and D be a non-empty compact subset of X ,
(2) A : X⇒ D is a multifunction such that for each x ∈ X, A(x) is non-empty convex and for each y ∈ D, A−1(y) is open in X,
(3) the multifunction cl A : X⇒ X is upper semicontinuous,
(4) the multifunction Q : X⇒ D is such that Q −1(y) is open in X for each y ∈ X,
(5) for each x ∈ X, x /∈ co Q (x) where co Q (x) denotes the convex hull of Q (x).
Then Γ has an equilibrium choice xˆ ∈ D; i.e., xˆ ∈ cl A(xˆ) and A(xˆ) ∩ Q (xˆ) = ∅.
Next, we can obtain the following which is equivalent to the natural quasi-P -convex condition and a basic tool in proving
the solution existence for (GOQEP).
Lemma 3. Let L(E, F ) be the space of all continuous linear operators from E to F and X ′ a non-empty convex subset of L(E, F ). Let
C : X ′ ⇒ F be a multifunction such that for each f ∈ X ′ , C( f ) is a convex cone in F with non-empty interior and 0 /∈ C( f ), and
denote P := {0} ∪ (⋂ f ∈X ′ C( f )). Then a multifunction S : X ′ ⇒ F is natural quasi-P -convex on X ′ if and only if for every n  2,
whenever g1, . . . , gn ∈ X ′ are given and for any λi ∈ [0,1], i = 1, . . . ,n, with∑ni=1 λi = 1, there exist μi ∈ [0,1], i = 1, . . . ,n, with∑n
i=1 μi = 1 such that
S
(
n∑
i=1
λi gi
)
⊆ μ1S(g1) + · · · + μn S(gn) − P . (∗)
Proof. The suﬃciency is clear. For the necessity, we shall use the induction argument on n. When n = 2, the condition (∗) is
exactly the same as the deﬁnition of natural quasi-P -convex condition. Assume that the condition (∗) holds for all k n−1
(n  3). Let {g1, . . . , gn} ⊂ X ′ be given, and λi ∈ [0,1], i = 1, . . . ,n, with ∑ni=1 λi = 1 be arbitrarily given. Without loss of
generality, we may assume
∑n−1
i=1 λi > 0 by reindexing i. Then, for a given set {g1, . . . , gn−1}, the induction assumption
assures that there exist μi ∈ [0,1], i = 1, . . . ,n− 1, with ∑n−1i=1 μi = 1 such that
S
(
n−1∑
i=1
λi∑n−1
j=1 λ j
gi
)
⊆ μ1S(g1) + · · · + μn−1S(gn−1) − P . (†)
Again applying the deﬁnition of natural quasi-P -convexity on two continuous linear operators, {∑n−1i=1 λi∑n−1
j=1 λ j
gi, gn} in X ′ ,
we see that there exist ν1, ν2 ∈ [0,1], with ν1 + ν2 = 1, such that
S
(
n∑
λi gi
)
= S
((
n−1∑
λ j
)(
n−1∑ λi∑n−1
j=1 λ j
gi
)
+ λn gn
)
⊆ ν1S
(
n−1∑ λi∑n−1
j=1 λ j
gi
)
+ ν2S(gn) − P .i=1 j=1 i=1 i=1
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S
(
n∑
i=1
λi gi
)
⊆ ν1
[
μ1S(g1) + · · · + μn−1S(gn−1) − P
]+ ν2S(gn) − P
⊆ ν1μ1S(g1) + · · · + ν1μn−1S(gn−1) + ν2S(gn) − ν1P − P
⊆ ν1μ1S(g1) + · · · + ν1μn−1S(gn−1) + ν2S(gn) − P
because P is a convex cone. Note that
n−1∑
i=1
ν1μi + ν2 = ν1
n−1∑
i=1
μi + ν2 = 1.
Therefore, by the induction, for every n 2, we can obtain the desired conclusion. 
3. Main results
Based on Lemma 1, we ﬁrst prove the following basic (GOEP).
Theorem 1. Let X ′ be a non-empty convex subset of L(E, F ) and K ′ be a non-empty compact subset of X ′ , where L(E, F ) is endowed
with either the topology of pointwise convergence or the topology of bounded convergence, and let T : X ′ × X ′ ⇒ F be a non-empty
compact valued multifunction such that T (·, g) is upper semicontinuous for each ﬁxed g ∈ X ′ , and the range of T is contained in a
compact subset of F . Assume that T ( f , ·) is natural quasi-P -convex for each ﬁxed f ∈ X ′ , and T ( f , f ) = {0} for each f ∈ X ′ . Let
W : X ′ ⇒ F be deﬁned by W ( f ) = F \ −C( f ) such that the graph Gr(W ) of W is closed in X ′ × F . Assume that for each ﬁnite
subset N ′ of X ′ , there exists a non-empty compact convex subset LN ′ of X ′ containing N ′ such that for each f ∈ LN ′ \ K ′ , there exists
g ∈ LN ′ satisfying T ( f , g) ⊆ −C( f ). Then (GOEP) is solvable, i.e., there exists f0 ∈ K ′ such that
T ( f0, g)  −C( f0), for all g ∈ X ′.
Proof. First note that L(E, F ) equipped with either the topology of pointwise convergence or the topology of bounded
convergence is a t.v.s. We now deﬁne a multifunction A : X ′⇒ X ′ by
A( f ) := {g ∈ X ′ ∣∣ T ( f , g) ⊆ −C( f )}, for each f ∈ X ′.
The proof is organized in the following parts.
(i) For each f ∈ X ′ , A( f ) is convex. Indeed, suppose the contrary. Then there exist g1 and g2 in A( f ), and some t ∈ [0,1]
such that tg1 + (1− t)g2 /∈ A( f ). Hence, we have
T ( f , g1) ⊆ −C( f ), T ( f , g2) ⊆ −C( f ) but T
(
f , tg1 + (1− t)g2
)
 −C( f ).
Since T ( f , ·) is natural quasi-P -convex and C( f ) is a convex cone, there exists μ ∈ [0,1] such that
T
(
f , tg1 + (1− t)g2
)⊆ μT ( f , g1) + (1− μ)T ( f , g2) − P ⊆ −μC( f ) − (1− μ)C( f ) − P ⊆ −C( f ) − C( f ) ⊆ −C( f ),
which is a contradiction. Thus A( f ) is convex.
(ii) Clearly A has no ﬁxed point because T ( f , f ) = {0} and 0 /∈ C( f ) for all f ∈ X ′ .
(iii) For each g ∈ X ′ , A−1(g) is open in X ′ . In fact, let { fλ} be a net in (A−1(g))c convergent to f ∈ X ′ . Then g /∈ A( fλ) and
hence T ( fλ, g)  −C( fλ) so that T ( fλ, g) ∩ (F \ −C( fλ)) = ∅ for each λ. Thus ∀λ, there exists xλ ∈ T ( fλ, g) ∩ (F \ −C( fλ)).
Since T (·, g) is non-empty compact-valued and upper semicontinuous on the ﬁrst variable, and the graph W ( f ) = F \−C( f )
is closed, by [13, Theorem 7.3.10], the multifunction f → T ( f , g) ∩ (F \ −C( f )) is upper semicontinuous. Since T (X ′ × X ′)
is contained in a compact subset of F and {xλ} ⊂ T (X ′ × X ′), there exists a subnet {xμ} of {xλ} converging to x¯ ∈ F . As the
corresponding nets { fμ} → f , xμ ∈ T ( fμ, g) ∩ (F \ −C( fμ)) for each μ, and {xμ} → x¯, by virtue of [13, Theorem 7.1.15], we
have x¯ ∈ T ( f , g)∩ (F \−C( f )) so that T ( f , g)  −C( f ), i.e., f ∈ (A−1(g))c . Therefore, (A−1(g))c is closed so that A−1(g) is
open in X ′ .
(iv) By the given hypothesis, we know that for each ﬁnite subset N ′ of X ′ , there exists a non-empty compact convex
subset LN ′ of X ′ containing N ′ such that for each f ∈ LN ′ \ K ′ , there exists g ∈ LN ′ satisfying g ∈ A( f ), hence LN ′ ∩ A( f ) = ∅.
(v) From (i)–(iv), we see, by Lemma 1, there must be f0 ∈ K ′ such that A( f0) = ∅, namely,
T ( f0, g)  −C( f0), for all g ∈ X ′.
This completes the proof. 
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of X ′ in [11, Deﬁnition 1.4] is stronger than the one appearing in Theorem 1. Indeed, taking K ′ = B , LN ′ = co(B ∪ N ′) and
g = g0 ∈ B ⊆ LN ′ in Theorem 1, we see that the former in [11] implies the latter in Theorem 1. Of course, there is a very
little difference in the imposed conditions on T between Theorem 1 and [11, Theorem 2.2]. Nonetheless, this seems to be
negligible. In this sense, Theorem 1 may be regraded as a multi-valued generalization of [11, Theorem 2.2].
Now we are in a position to present the following existence result for (GOQEP).
Theorem 2. Let E and F be locally convex Hausdorff topological vector spaces. Let X ′ be a convex subset of L(E, F ) and D be a non-
empty compact subset of X ′ , where L(E, F ) is endowed with either the topology of pointwise convergence or the topology of bounded
convergence, and let T : X ′ × X ′⇒ F be a non-empty compact valued multifunction such that T (·, g) is upper semicontinuous for each
ﬁxed g ∈ X ′ , and the range of T is contained in a compact subset of F . Assume that T ( f , ·) is natural quasi-P -convex for each ﬁxed
f ∈ X ′ , and T ( f , f ) = {0} for each f ∈ X ′ . Let A : X ′⇒ D be an upper semicontinuous multifunction such that for each x ∈ X ′ , A(x)
is a non-empty convex subset of D and for each y ∈ D, A−1(y) is open in X ′ . Let W : X ′⇒ F be deﬁned by W ( f ) = F \ −C( f ) such
that the graph Gr(W ) of W is closed in X ′ × F . Then, there exists f0 ∈ D such that f0 ∈ cl A( f0) and
T ( f0, g)  −C( f0), for all g ∈ A( f0).
Proof. First note that L(E, F ) equipped with either the topology of pointwise convergence or the topology of bounded
convergence is a locally convex Hausdorff t.v.s. (e.g., see Conway [5, Theorem]). We deﬁne a multifunction Q : X ′⇒ D to be
Q ( f ) := {g ∈ D | T ( f , g) ⊆ −C( f )}, for each f ∈ X ′.
The proof is organized in the following parts.
(i) For each f ∈ X ′ , f /∈ co Q ( f ). Indeed, suppose the contrary, i.e., there exists f ∈ X ′ such that f ∈ co Q ( f ). Then there
exist {g1, . . . , gn} ⊆ Q ( f ) and 0  λ1, . . . , λn  1 such that ∑ni=1 λi = 1 and f = ∑ni=1 λi gi . Hence, for each i ∈ {1, . . . ,n},
we have T ( f , gi) ⊆ −C( f ). Since T ( f , ·) is a natural quasi-P -convex function and C( f ) is a convex cone, by Lemma 3, there
exist μi ∈ [0,1], i = 1, . . . ,n, with ∑ni=1 μi = 1 such that
T
(
f ,
n∑
i=1
λi gi
)
⊆ μ1T ( f , g1) + · · · + μnT ( f , gn) − P ⊆ −
(
μ1C( f ) + · · · + μnC( f )
)− P ⊆ −C( f ) − P ⊆ −C( f ).
Thus, we have {0} = T ( f , f ) = T ( f ,∑ni=1 λi gi) ⊆ −C( f ), which is a contradiction since 0 /∈ C( f ) for all f ∈ X ′ . Therefore,
we obtain that f /∈ co Q ( f ) for all f ∈ X ′ .
(ii) The multifunction Q has open lower sections, i.e., for each g ∈ D , Q −1(g) is open in X ′ . In fact, let { fλ} be a net
in (Q −1(g))c convergent to f ∈ X ′ . Then g /∈ Q ( fλ) and hence T ( fλ, g)  −C( fλ) so that T ( fλ, g) ∩ (F \ −C( fλ)) = ∅ for
each λ. Thus ∀λ, there exists xλ ∈ T ( fλ, g) ∩ (F \ −C( fλ)). Following the step (iii) of the proof of Theorem 1, we can show
that (Q −1(g))c is closed, i.e., Q −1(g) is open in X ′ . Therefore, all the hypotheses of Lemma 2 are satisﬁed so that there
must be f0 ∈ D such that f0 ∈ cl A( f0) and A( f0) ∩ Q ( f0) = ∅, namely,
T ( f0, g)  −C( f0), for all g ∈ A( f0).
This completes the proof. 
As an application of Theorem 2, we prove the following (GOQEP) in normed linear spaces.
Theorem 3. Let Y and Z be two normed linear spaces. Let X be a non-empty compact convex subset of Y and C1 : X → 2Z be a
multifunction such that for each x ∈ X, C1(x) is a convex cone in Z with intC1(x) = ∅ and C1(x) = Z . Let T1 : X × X ⇒ Z be a
multifunction with non-empty values such that T1(x, x) = {0} and T1(·, y) is upper semicontinuous for each y ∈ X, and the range
of T1 is contained in a compact subset of Z . For each ﬁxed x ∈ X, we assume that for any y, z ∈ X and λ ∈ [0,1], there is μ ∈ [0,1]
such that
T1
(
x, λy + (1− λ)z)⊆ μT1(x, y) + (1− μ)T1(x, z) − P
where P := {0} ∪ (⋂x∈X − intC1(x)). Let A1 : X ⇒ X be an upper semicontinuous multifunction such that each A1(x) is non-empty
closed convex, and A−1(y) is open in X for each y ∈ X. Let W1 : X ⇒ Z be deﬁned by W1(x) := Z \ −intC1(x) such that the graph
Gr(W1) of W1 is closed in X × Z . Then there exists x0 ∈ X such that x0 ∈ cl A1(x0) and
T1(x0, x)  − intC1(x0), for all x ∈ A1(x0).
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norm, and F = (Z ,‖ · ‖). Assume that L(E, F ) is endowed with the usual norm topology. Deﬁne a mapping φ : Y → L(E, F )
by φ(x) = fx where fx(l) = 〈l, x〉 for all l ∈ E . This φ is linear and 1-1. In fact, φ is an isometric imbedding into L(E, F ) as
shown in [16, Theorem 3.2]. Then, X ′ := φ(X) is a subset of L(E, F ). Since X is compact convex and φ is a linear imbedding,
we have X ′ = φ(X) is also compact and convex. Now we deﬁne four multifunctions A : X ′⇒ X ′ , T : X ′ × X ′⇒ F , C : X ′⇒ F ,
and W : X ′⇒ F as follows: for each fx, f y ∈ X ′ ,
A( fx) := φ ◦ A1(x), T ( fx, f y) := T1(x, y),
C( fx) := −intC1(x), W ( fx) := W1(x),
where intC1(x) is the interior of C1(x) in the normed space Z . Then 0 /∈ C( fx) because intC1(x) is a proper convex cone
of Z .
The proof is organized in the following parts.
(i) A : X ′⇒ X ′ is an upper semicontinuous multifunction such that A( f ) is non-empty convex. Indeed, since A1 is upper
semicontinuous and A1(x) is convex, and the restriction of φ on X is a linear homeomorphism onto X ′ , we see that
φ ◦ A1 ◦ φ−1 is also upper semicontinuous and A( f ) is convex.
(ii) For each fx ∈ X ′ , we have φ−1( fx) = x and A−1(x) is open so that
A−1( fx) =
(
φ ◦ A1 ◦ φ−1
)−1
( fx) =
(
φ ◦ A−11 ◦ φ−1
)
( fx) = φ ◦ A−11 (x)
is open by the assumption.
(iii) For each ﬁxed f y ∈ X ′ , T (·, f y) = T1(·, y) is an upper semicontinuous multifunction by the upper semicontinuity
hypothesis on T1, and the range of T is actually the same as T1 so that it is contained in a compact subset of F by the
assumption.
(iv) For each ﬁxed fx ∈ X ′ , T ( fx, ·) = T1(x, ·) is natural quasi-P -convex by the given hypothesis.
(v) The graph Gr(W ) of W is closed in X ′ × F where L(E, F ) is endowed with the topology of bounded convergence.
Indeed, let { fxi } be a net in X ′ convergent to fx ∈ X ′ with respect to the topology of bounded convergence in L(E, F ). Clearly
the norm topology and that of bounded convergence on L(E, F ) coincide. Let wi ∈ W ( fxi ) = W1(xi) such that wi → w in F .
Since φ is a homeomorphism, φ−1( fxi ) = xi → x = φ−1( fx). Because the graph Gr(W1) of W1 is closed in X × Z , we have
w ∈ W1(x) = W ( fx). This implies that Gr(W ) is closed in X ′ × F .
It follows from Theorem 2 that there exists fx0 ∈ X ′ such that fx0 ∈ cl A( fx0 ) and
T ( fx0 , fx)  −C( fx0 ), for all fx ∈ A( fx0 ) =
(
φ ◦ A1 ◦ φ−1
)−1
( fx0 ).
Therefore, there exists x0 ∈ X such that x0 ∈ cl A1(x0) and
T1(x0, x)  − intC1(x0), for all x ∈ A1(x0).
This completes the proof. 
4. An example of (GOQEP)
In this section, we show that in the ﬁnite dimensional space E = Rn , (GOQEP) generalizes the known scalarization
methods for ﬁnite dimensional vector variational inequalities. In the sequel, we assume that E = Rn and F = R, and use the
following notations:
R+ := (0,∞), Rn+ := (0,∞) × (0,∞) × · · · × (0,∞);
R+ := [0,∞), Rn+ := [0,∞) × [0,∞) × · · · × [0,∞).
Denote by E∗ the dual space of E , and by 〈 f , x〉 the inner product of two real vectors f , x ∈ E . Let
X ′ := { f ∈ E∗ ∣∣ ‖ f ‖ 1, 〈 f , x〉 0, for all x ∈ Rn+}= {x ∈ Rn+ ∣∣ ‖x‖ 1}.
Then X ′ is a non-empty compact convex subset of E∗ . For each i = 1, . . . ,n, let f i : X ′ → X ′ be given (continuous) mapping.
Clearly, the mapping f : X ′ → X ′ deﬁned by
f (x) := 1
n
n∑
i=1
xi f i(x), for each x = (x1, . . . , xn) ∈ X ′,
is a (continuous) mapping from X ′ into X ′ .
As an application of (GOQEP), we present the following generalized quasi-variational inequality in the ﬁnite dimensional
settings:
S. Kum, W.K. Kim / J. Math. Anal. Appl. 345 (2008) 559–565 565Theorem 4. Let X ′ = {x ∈ Rn+ | ‖x‖  1} be a non-empty compact and convex subset of L(Rn,R), and for each i = 1, . . . ,n, let
f i : X ′ → X ′ be given continuous mapping. Let A : X ′⇒ X ′ be an upper semicontinuous multifunction such that for each x ∈ X ′ , A(x)
is a non-empty convex subset of X ′ and for each y ∈ X ′ , A−1(y) is open in X ′ . Then there exists x¯ = (x¯1, . . . , x¯n) ∈ X ′ such that
x¯ ∈ cl A(x¯) and〈
n∑
i=1
x¯i f i(x¯), x¯− x
〉
 0, for all x= (x1, . . . , xn) ∈ A(x¯).
Proof. First note that the mapping f : X ′ → X ′ deﬁned by
f (x) := 1
n
n∑
i=1
xi f i(x), for each x = (x1, . . . , xn) ∈ X ′,
is a continuous mapping from X ′ into X ′ . We deﬁne a continuous mapping T : X ′ × X ′ → R by
T (x, y) := 〈 f (x), x− y〉, for each (x, y) ∈ X ′ × X ′.
Hence for each y ∈ X ′ , the mapping x → T (x, y) is continuous, and the range of T is a compact subset of R. Moreover,
for each x ∈ X ′ , the mapping y → T (x, y) is clearly convex so that it is natural quasi-P -convex. Also, T (x, x) = {0} for each
x ∈ X ′ . If we let C(x) := R+ for each x ∈ X ′ , the multifunction W : X ′⇒R, deﬁned by
W (x) := R \ −C(x) = R+ ∪ {0} = R+, for each x ∈ X ′,
has closed graph in X ′×R. Thus, all the hypotheses of Theorem 2 are satisﬁed so that there exists x¯ ∈ X ′ such that x¯ ∈ cl A(x¯)
and T (x¯, x)  −R+ , for all x ∈ A(x¯). Therefore we have
1
n
〈
n∑
i=1
x¯i f i(x¯), x¯− x
〉
 0, for all x = (x1, . . . , xn) ∈ A(x¯),
which completes the proof. 
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